Abstract-An elastic layer that rests on a substrate and is subjected to a concentrated normal force is used to investigate some aspects of frictional slip between two bodies. The formulation using known results for glide dislocations leads to a singular integral equation of a Cauchy type that must be solved numerically. Results for various quantities of interest are given graphically.
INTRODUCTION
THE ELASTIC layer resting on a substrate provides one of the simpler and more lucid examples for a receding contact between two bodies [l] . As such it has received considerable attention [2- 121, but only under the assumption that the contact is frictionless. None the less, the layer can also be used to give tractable examples for the effect of friction in contact problems. Since there are very few elasticity solutions and even fewer general results for frictional contact, it is instructive to investigate the various aspects of frictional slip between the layer and the substrate.
We consider in this article a layer that is pressed uniformly against a substrate. The initially uniform pressure between the two bodies may be due to gravity or loading at the surface of the layer. If the surface of the layer is also subjected to some other loads, the distribution of the normal tractions is modified, and the contact interface has to transmit shearing tractions. When the level of these loads is gradually raised, slip, separation or both eventually take place. In the present article we treat the loading by a concentrated force applied to the surface of the layer. We consider both a compressive and a tensile force, restricting the magnitude of the latter so that no separation occurs. For mathematical simplicity we assume that the layer and the substrate consist of identical materials.
FORMULATION
Consider a layer of thickness a pressed against the semi-infinite substrate with the same shear modulus p and Poisson's ratio V. The initial distribution of pressure between the two bodies is uniform and is denoted by PO. Suppose that a normal concentrated force P exerting tension is applied to the surface of the layer at x = 0, as indicated in where f is the coefficient of friction (no distinction is made here between static and kinetic friction). The inequalities show that there is no separation for Plp0a < 7d2 (5) and that no slip takes place provided
If (6) is eventually violated upon a gradual increase of the applied concentrated force P, slip starts at
It can be shown from (l-4) that slip begins before separation for any value of the friction coefficient f.
The case of a compressive concentrated force P can be analyzed similarly. The condition for stick is then p < 87JW(3 + 4f2)"2 + 3 -t-2f2]2 p0a 27[(3 t 4f2)1'2 -fl (8) and slip starts at
where P is reckoned positive for a compressive force. It is clear that there is no separation in this case.
In the sequel, we examine the problem of frictional slip without separation. The equations are written only for the tensile load, but numerical results will be presented for both tensile and compressive applied forces P.
The solution of the unilateral problem is constructed by correcting the bilateral elastic fields derived from the Flamant solution. This is done by representing the slip zones as continuous distributions of edge dislocations with Burgers vectors that lie in the interface (glide arrays). Consider for this purpose a discrete edge dislocation with the Burgers vector 6, (slip parallel to the surface) situated at x = 6, y = 0 in an elastic half plane, with the coordinate axes placed exactly as in Fig. 1 , so that y = a is the free surface and the dislocation is at a depth a from the free surface. Of interest in the formulation are only the tractions acting on the slip plane of the dislocation, or y = 0. The needed expressions are readily extracted from the results given in Refs. [M-16] . Thus the required traction components are for monotonically increasing P(t). However, (19) must be verified a posteriori. The symmetry of the problem implies that
and consequently (19) 
In addition we must require that
in order to have slip restricted to the two zones b < lx/< c. The Cauchy singular integral equation (22), subject to condition (24), must be solved numerically for B,(x). Once this is done, the shearing tractions in both the slip and stick zones follow as
The normal tractions are similarly where
NUMERICAL SOLUTION AND RESULTS
Putting the integral equation (22) 
The regular kernel K(r, s) follows readily from (23), (28) and (29), and we refrain from recording the result. Equation (24) is a dimensionless loading parameter. Note that the consistency condition that must be satisfied for a bounded solution[l9] is already included in (34). Finally, the discretized form of (31) becomes
The unknown parameters S and u make the system (34) and (38) nonlinear. To simplify the iteration procedure we specify S, while leaving u and the loading parameter A as unknowns. With S fixed, we guess a value for u and choose n equations from the system (34) to solve for p(ri). The remaining equation in (34) is used to determine A. We then substitute into (38), which in general is not satisfied. We next iterate for u until F is made to vanish. In practice, we choose n as an even number and use the (1/2n + 1) equation in (34) to solve for A. Once the n values of q(ri) are obtained, we compute the discrete values of &(r) from (32), and h(x) from (13) using the trapezoidal rule of integration. The shearing tractions are obtained from the discretized form of (25). In the slip zones, (25) contains a Cauchy integral and the method of Erdogan and Gupta must be used, but in the stick zones the choice of the collocation points is open. The normal tractions in the slip zones are obtained from the shearing tractions on account of the boundary condition (19) , and in the stick zones from the discretized form of (26).
Finally we must also check the various unilateral conditions. It was veritied numerically in all cases considered that the normal tractions remained compressive, that IW < flW>l The case of the layer and substrate consisting of different materials can be treated in a similar fashion. The only Werence is that the solutions of the bilateral and dislocation problems would have to be constructed by means of Fourier transforms. The counterparts of (1,2) and (10, 11) then are infinite integrals which will enter the right side and the regular kernel of the governing integral equation (22) .
